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Linear (Algebraic) Equations:
T o dimensions a line in a ecrangular sy-caordinate system can be
ropresented by an oquation of the form.

artby=c (a, bnotboth0)
This i linear equation in the variables x and y
e dimenons 3 pla 4 etangula -coontnaie s
be xepresented by an equation of the

ax+by+ez=d (a, b, crotal0)

This is  linear equation in the variables ¥,y an 2

+ Alincar equation in the n variables +,

whore o, 0 o, notall zero

+ The variables in a linear squation are sometimes called unknowns
+ T case b=0, the lineax squation
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+ Some definitions:

+ Apmauence o umbers s s called asolution of the sy, if
hen e subsritute ; bY 51 41 Y 5 i
Satistio

+ Irasystem hus no solution is said to be inconsistent
——ny
* Ifthore is at least one solution of the system, it is called consistont

« Fuery system of lincar equations has cither no solutfbns, exac
one solition, or infinitely many solutions.
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g+ byy + ez =d

agxt by + ez =dy
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+ Elementary row operations

* Multiply an equation (or a row) by an nonzero constant
+ +Add a multiple (by a constant) of one equation (or a row) to
another equation (or a row

+ Interchyg two equations (or two rows)
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Echelon Forms

12 9
Row-echelon form: A matrix is said to be in row- . .
echelon form if it satisfies: -3 -3
00 1 3

1. Tfa row does ot consist entirely of 7eros. then the St o, g step of previous
Donzero number in the row is a 1. We call this a leader 1. gy 1
2. Inany two successive rows that do not consist entirely of
zeros, the leader 1 in the lower row occurs farther to the
Tight than the leader 1 in the higher row.
3. If there are any rows that consist entirely of zeros, then
they are grouped together at the bottom of the matix
Echelon Forms
Reduced row-echelon form: A matrix is said 10 0 1
to be in reduced row-echelon form if it is in row-
echelon form and satisfies in addition: 01 0 2
4. Each column that contains a leader 1 has zeros
everywhere else. 001 3

From last step of previous
examples
Note: A matrix in reduced row-echelon form is in

row-echelon form. The inverse is not nece:

true.
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Operation on matrices
Consider a 1 matrix A and pxq matrix B

Sum and difference:
Condition: the two matrices have to have the samo sizo (n-p and
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1. Adjoin the identity matrix to the right side of A, thereby
producing a matrix of the form [A | /

s to A until the left

will convert the right side to
1

2. Apply the reduced-row echelo
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\

| Couiade AN

A “é’"ﬂ?j\ﬁll

L AP {@12\ ox/n‘} 22 2RI L
)| v~ o\\-_'bllhl\

E © @k 1 L& ]

[“ﬂ@% SRS
o\ 2

Lok n;i ! Clatabe AT
MR
9
0r| e ) 47)
A S10f SH\
R2: 2.0 A s singulse
n() nUYse

A éavﬂ\nl’ o

PRSI ST

0
L1 | Lo 2R3
00!
V]
1
o

ST O | pragRt
S-z-) | et

Oo 3 -5 3
J 5 -l

5
i
Y 2oy qu b 2 gy anel

Lot

whieh one i5 TRUE
v

) his 0o S quete Fiﬂsg

@) Nis bx3 onakei v "6‘1 .

Q) (1) eakgin fis- Fobe
A s singulec

2) G ek in Vs 2

(D6 411227 paicwmigr
A=l2 4 1| 01 0
) 1

-1 s oo [RSATARY X3
4t
e Vo ©
u[o % a0 o]
20 P ol | 9!
3 biee
ey © © canclusion i 1oy O
< Noiwese . Fwo aWd widple gc
R3- 1R toch othx Say A
- -2

invrse |

whay Yo We@ e At
Wa e slve sysham by Usingy
akices -

Ve

Wedna o syshem 0 okt Eom

We con cewtde evey sydamn 05 Ax=ly
o~
PSRN nakixGam

g frgieeh / 0 ‘
el g Aed she

exQawste | NEE D g mekx iy
WHSY; <

¥ -Xae

x‘ * - «0
'+Sxﬁ‘°} Phisaz

S R
[5 e

}*\Qr)(l_—xgzu/\ 2% ‘J; E\;J
ta-
[ﬂnw *s\ o

Next \\ML)



Untitled.notebook

3 :A‘b
T ow. K'Y
x= AL

ywuu

©) ] HE) Pleened Lo noks.
xl“’\ A\ulwlll } [ }
L i

\ L o unique selbien
—

xoml, [xuu‘. 2

ine -4 ¥ Sove b
9ttty 0 Siacieo
W e A

) vt ,N...,\., xAll

. \il

A x =
L) A Lok enid - See Ladun notes
) XAk
Do net soy : NOSOLUTION,
oyt This ekl dars aok work:

L
nyon ,m'x/j L -2MRL

%, :Basic vz Free

¥,- ,.LJ.M,N .
X1 Flet Soldtion

2 ewns- 4
Tre) Weca ot 4 mte mekin feen A2y /
To We con salve it by elimaehion, ]
FD e wewetein Mok, Avis ekl AL 24
Tived) We canth volve it \5 N //
Tivee) Wehown ey ey Soliins:L—

We v quen: [t ©
3 rsnizg. . -
R ey

oy}\.u.\. in ‘\(\ »b- )
b) Caletabe (DG Possille]
€| solve \.@d\ s

) Ssln Ly climanebion Cexetend) &7

Lﬂ\ﬂ

he Inverse of a 2x2 Matrix

1648 an e matr
equivalent, that i
A is@ertivie
Ax =0 has only the trivial solution
Ax=b has

The redues

“?U

é ﬂ’ s
) fidideree
@)
\) Ayeb has ‘I\F\\\ud rvwmn\m\nw

. T{u&,
e

fAisl,

September 15, 2025


Salih Tatar
Let  A be 3x3 matrix. We are  given Ax = 0 has only zero solution. Then which one is false

Salih Tatar


Untitled.notebook

* Transpose of a matrix:
If A is any mxn matrix, then the transpose of A, denoted by A7, is

defined to be the nxm matrix that results from interchanging the

rows and columns of A

a a, a
a, a,, ai, 11 21 m1

a a a
a a a T _ 12 22 m?2

4 = 21 2 fan ) 4 = .
a a a aip Aap e a

m1 m2 mn

That 1s, the first column of AT is the first row of A, the second column
of A7 is the second row of A, and so forth

SRR VA3
1Ts 9
%l ‘05 'm&;b 7 4

le Qs mxa HT T Axm

* CIUPrIeuvIEs ULl LrAlSPUSE Alld LIIVerse
- I'=1 V7
. (@ADT=A
« (A+BT=AT+BTand (A—B)T—AT—BT L~
. @A)T = AL where k is any scalar
(AB)T = BTAT ATe' ((;.vc o example . eXf““")

If A1san invertible matrix, then A7 is also invertible and
7y = a7 M1 }
- -1 -
LGl @ 3
AT~ 37
23] =(e k5 L

1
- _ -1
. Trace of a square matrix A@ T) '@j

defined to be the sum of the entries on the main diagonal ofA,

-The trace of A is not defined if A is not a square matrix.

For an nxn matrix A = [a;],

SumofF &{ogﬁ\ﬁ\ u\k‘\:&
=tr(4) = Za,,
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Proprieties of transpose and inverse

renoznlaresitd
—

(an

T+ BT and (A - BT = AT - BT

07 = AT, where ks any scalar

(AB)7= 57T (2 ATRS,

If A is an invertible malrix, then A7 is also invertible and
(Anyl= ()T

AT /. _
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& 3] PR g "
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+ Commutativity:
The multiplication of matrices is not commutative. That is

AB# BA in general
+ Cancelation:

1LT) e[ )2
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+ Cancelation:

po +80
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THEOREN 19,1 Polynomial Interpolation

Given any n points in the xy-plane that have distinct x-coordinates, there is a unique
polynomial of degree n — 1 or less whose graph passes through those points:

Find a cubic polynomial whose graph passes through the points

Y
Solution Sinc ther ar four pois,
= 3. Denote thi polynonial by

Yz Pl =atarx +a’ +ae’
2= 0o KA02 X Oy
~2 = ag4qloiy 1\01.\(0&
"D dodzagor 270y
D= °°*l’v°‘*“°l%(t°3

Cenercise)
ay=4a =3a=—Sa=1 "

p(x) =ap+ax + a:.\'2 + a;x"

» EXAMPLE 7 Approximate Integration
There

ay to evaluate the integral

oS To Yot |

interval [0, 1] int qually spaced subintervals (Figure 1.9,

po-a() =

£0.25) = 0.095017,
(0.5 = 077301,

LSRN 2
Y 00 x6X BLX 407%¥0*
Cexeeist)

P(x) = 0.098796x + 07623565 + 2144295 — 2008443

\
CPudn < o4y
9
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10. A 200 veterinarian can purchase (1) Sobvp Y he
animal food of four different types: A,

B, C, and D. Each food comes in the S“Si“\

same size bag, and the number of grams et
of each of three nutrients in each bag ® »9
is summarized in the following table:
Food
A B CD
N 5 510 5
Nutient N, 10 5 30 10
N, 515 10 25
G YES ot animal, the veterinarian deter-
mines that she needs to combine the bags
to get 10,000 g of Ny, 20,000 g of Na,
and 20,000 g of N3. How many bags of
cach type of food should she order?

9) | Sat+8b+10c4Bd= 10
oot 5b4 B0et 104 520
Sat15b4l0c425g 22

T 190 & ‘o

k) g\ 0 530 10 20

Sslo2s 20

RN V1t
5 30l020 | 0@“’00
15 10 25 2o o joowr
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Y221¥g= 2(4-x)2 -1
Xis2-X2-2%g — xq‘
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\(\>/Z7\'-\/LX4t 7("'7')(4 _x lf-
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X2 3ry = Dhy

X2z y_on Y12 1000- vry
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nLet K =

]_ Then calculate tmu:[lK] - tmcu[ KJ ?
10 4-9

=5

| o Qo

=

a2
o:v
c) 7

o Can not be calculated

(P

%92 OV
«20- 0

3 -

1 0
2 6|. Then calculate trace(SM) + trace[— M] ?

s 1Ba-5

siLetM =

| R R B |

a) Can not be calculated

o JU v

12
07 = 1O
F) 8

2 L O
6o 8
9=6120

«eVla V
«e2o=0
.$1 -k

VM <,

.M:[

2) Which one is false ?
A) Multiplvig a row by -5 is a row operation
B) A linear system may have only trivial (zero) solution
c) Not every square matrix has an inverse
D) Dividing a row by 4 is a row operation

f a matrix is in row echelon form, it must be in reduced row

echelon form

10) Which one is false ?
f a matrix is in row echelon form, it must be in reduced row
echelon form
B) Dividing a row by 2 is a row operation
c) Not every square matrix has an inverse
D) A linear system may have no solution
E) Multiplyig a row by -3 is a row operation

3) What can we say about the solution to the follow

x+y+z=0
X-y-z=2
Xx+y+2z=0

A) One zero solution and one nonzero solution
B) Only zero solution
Infinitely many solutions
éA unique nonzero solution
k) No solution

1y 1 O
lotel QU
1 1 2 90

—

ing system ?

&) What can we sayv about the solution to the following svstem ?

x] +xp +x3 =0

N] - X3 - xz =2

Ny N2+ 2z =0

Ay Infinitely many solutions
A unique nonzero solution
) No solution
o) Only zero solution
) One zero solution and one nonzero solution

0‘ o
YaYy+dT = 9
"

vvaio 1O .

0 -1-11 \=12-1%-

0 0!09 t:9
\

Xe
Y: -1
*= O

Uh.qVL
& 0\\!‘ T

1 2 0 0
LetA =|_- -~ 2|, B=|_&s|.Tl vhicl is t ? 1 2 0 0
v L7 ;i > tel e ohe I THe ssLetA =|_1 7 3| B=|_5]|.Then which one is true ?
2 4 -2 6 -
2 4 -2 0

A)(2, Dentryin AB is - 2&
B Bisalx3 matrix 8
c)ABis a 1 x 3 matrix§Q

Ei BAisa3x1 matrix*

(1, 2) entry in BIAis -11

A i —3x\
Ty Ixns

Ap = C"J;)
ALY Lo-st )

A)ABis al x 3 matrix

B)B is 1 x 3 matrix

c)BAis a 3 x 1 matrix
D)(2, ) entrv in AB is - 20

01, 1) entrv in BTAis 17

o
?2\%
-1

.‘1

U

5)Let Abe5x7,Bbe 7 x4, Cbe7 x4, D be 3 x4 matrices. Then which
one of the following operations is defined: (Iis 5 x 5 identity matrix)

A)5CB
5)3DC

Os26ct,
D)4A+2B+3D
B B+C+1

LA & C
n} by

0

3

0let Abe5x7, Bbe7 x4, Cbe7 x4, D be 3 x 4 matrices. Then which
one of the following operations is defined: (Iis 5 x 5 identity matrix)

D

s
f

2 6 6 2 6 6
s)LetA =[2 7 | Then(3,1)entrvin Aljs mLetA =|2 7 gl Then(2,1) entry in Alis
277 2 7 7
@0 A)2
B)= B) 0
2
o 1
c) A is singular A5
D)2 -
E)-1 -1

E) A is singular

7) What condition, if any, must a, b, and c satisty for the following

linear system to be consistent ?

X| T3 +x3 = a
-X]-20+x3="D

X1 +7x-x3=¢
A)a, b, c are any real numbers.

Qa—Eb—c:O

2a-3b+4c=0
D)3a-2b+c=0
pa+3b-c=0

%3

\ o

v b —

e} ¢

12) What condition, if any, must a, b, and c satisfy for the following
linear system to be consistent 7

|

X+3v+z =A
-x-2y+z=DB
Ix+7y-z=C
al3A-26+C=0

A-2B-C =10
C12A-3B+4C=0
m A, B, Care any real numbers.
BA+3B-C=0

" 5\ o
\J@‘lo.\\s

U -L-hk =-3%04¢C
/7

st What can we say about the

x+tyt+z=1
Zh‘—_'.'—f:u?—f'
bx+2v+9 =10

a) Exactly three solutions

solution to the following system ?

Infinitely many solutions
1 Only trivial (zero) solution
D) A unique nonzero solution
E) No solution

"oy
Y103
62 9 Vo

0-h}

3) What can we say about the solution to the following system ?

x+y+z=1
3x -y +6z=7

5x+y+8z =9

[#5)

A) Only trivial (zero) solution

B) A unique nonzero solution
ifinitely many solutions

D) Exactly four solutions

k) No solution

\
Xy f(bos.(

T feet

|
b\ —
N
)

\qnot ¢

o) Let Aand B be 7 x 7 invertible matrices, Which one is false.
g(ap[l=plal &
B) BO =] wherelis7x7 identity matrix
5 )
wf-ltf L
1141
o) (5A[1=2 A
L 2

the reduced row echelon form of the matrix BA can't be ident
Matrix. =

2)Let A and B be 9 x 9 invertible matrices. Which one is false.

@he reduced row echelon form of the matrix B

2)
o)1= a1f

-1 41
B) [4A] " A

Al =T whereTis9x 9 identity matrix
(4B} =p14°1
A can't be identity

matrix.




_ . . , _ 9) For which value(s) of m, the following augmented matrix
10) For which value(s) of k, the following augmented matrix

. . 5 corresponds to a consistent linear system ?
corresponds to a consistent linear system : :
3 -4 k [ 2 -3 m]
-6 8§ 5 -4 6 5

.5 A)ym=-10
0

I = - =

mk=-2, k=5 a 2

]

crk = c)m is any real number
o k=-10 oA
Dm=-2, m=5
Fik is anv real number
: Bym =0
| =4iq LI
=41y el 3
1\ 45-
- o {
11) What can we say about the solution to the following system ? 7) What can we say about the solution to the following system ? N
2x -3y +7z="5
) M -3v+T7 =
3x+v-3z=13 =X 3_\+;Z—5
2x + 19y - 47z =32 +v-32=13
, 2x+19y-472=32
[No solution .
1Only zero solution
o) Infinitely many solutions 4) Only zero solution

Dy One zero solution and one nonzero solution

B) A unique nonzero solution
E) A unique nonzero solution

¢) Infinitely many solutions
D o solution

2-2% S u-. +1p Sl
th-lrmn 15 L 3L

1 =3 2 Sl \-1\1 1. SIL
oss-nssl "-B— i

O ¢
L -5y 23 o@sl«.'n

\‘ \-"sh 7"‘2. SIL
“11g

12)Let A be a 5 x 5 matrix and the system Ax = b has a unique solution  12)

#)Let Abe a 3 x 3 matrix and the system Ax = b has a unique solution 4
tor each 5 x 1 vector b. Then which one is false ?

tor each 3 x 1 vector b. Then which one is false ?

ohe system Ax = 0 has infinitely manv solutions

A : \ tved by eliminat hod he system Ax = (0 has infinitely many solutions
B Ax = b can be solved bv elimination methoc . .
T ] V B Ax = b can be solved by elimination method
c) A is invertible Ais | bl
e . . . cy A s invertible

o) The Reduced Row Echelon Form of A is 5 x 5 identity matrix V 1

] Ax = b can be solv wx = A-lp
EVAX =D can be solved by x = A lp b D} Ax = b can be solved by x = A |

£l The Reduced Row Echelon Form of A is 3 x 3 identity matrix



* What is a determinant?

e JLetA= (3%2) a 2 X 2 matrix and V; = (g),Vz = (;), two vectors which
coordinates are the first and second rows of the matrix A as in the figure.
« Now calculate the area S of the green parallelogram.
This can be calculated by the surface __, (a+c. bed)
of the rectangle containing the 4
parallelogram minus the areas of the

parts in white. That is

ab c¢d ab cd
S=(a+c)(b+d)—(bc+ +—+—+ +bc)

2 2 2 2

= ad — bc (cross product)

_ .
I = a5
'J #. 3 Il_n_l_:l_ll o nl___~
mF Is — —— :‘__. = = - — - .-. E'I::I" n"" -I- n-l.r-l‘"] o e ol Dﬂmﬂ]r:

4= 2
S=ad— bc

The determinant det(4) in two dimension is defined to be the

surface of the green parallelogram define by the two row vectors
of the matrix

det(A) =S = ad — ch

——

Theorem 1

e Det(A)=0 & the matrix is singular (or the corresponding

linear system has no unique solution what ever the right hand
side vector)

Or equivalently

e Det(A)+0 & the matrix is invertibale (or the corresponding
linear system has a unique solution what ever the right hand side

vector)
Inverse of a Matrix
) T .
A =
c d
- - -1 — -
|2 b| 1 [d b

THEOREM 2.2.8 Equivalent Statements

If A isann x n matrix, then the following statements are equivalent.
(@) Aisinvertible. QW \

(b) Ax = 0 has only the trivial solution. C W \

(¢) The reduced row echelon form of A is I,,.C \n \
(o

(e) Ax = b is consistent for every n x 1 matrixb. C \ \

(f) Ax = b has exactly one solution for every n x 1 matrix b. C\\ \

[0 detca) £0.C\ L \

meqs Lok A=) L P Wheheses Troe: Job - - R
o\ ddh 2 o F V7

lb) A ns [ ?ﬁ hos auniquesolution F" — O
C) p‘;_fi inver Fille +

@‘l 9 has "-I'\F':.hiln'l-.ﬁ

whﬂi
L) F\ﬂ..'Er"F ¢ ﬁ\-{h t"hl rr.

I LLLF& - l*t-?"l‘:br_ﬂ l:-""f’

THEOREM 2.2.8 Equivalent Statements

If A is ann x n matrix, then the following statements are equivalent.
(a) A is invertible. -T-

(b) Ax = 0 has only the trivial saluriamj-_-

(¢) The reduced row echelon form of A isV],. :‘-

( :

(¢) Ax = b is consistent for every n x 1 matrixb. =

(f) Ax = b has exactly one solution for every n x 1 ;zm'x b. J

(g de ()0 '\'&‘SE

5=
Definition

Let A be a nxn matrix

e e

* The (z.7)-minor of A, denoted

.1s the determinant of the

(n-1) x(n-1) matrix formed by deleting the i** row and ;"
column from A

- - a, 4a; (I'1; a,
a a ... d
11 12 17 in
ty Ay Gy - Aoy
yy dy 0y
o mmy M=
A: ﬁrl ”ri ”ﬁ?
a, 4 A,
Hﬁl HHE N -ﬂnj HHH
_ﬂnl HHE _“ﬂnj'" ann_

ﬁﬁﬁﬁﬁ

examele. L Q- « 2" F

ML Lk & be 6 135541955 mekm

= Maq

Ve
N\7_3"{C’)_3 C S

@0 )95y

) - |
129

d) 97

=k J = IV

£ b

(cofactor expansion along the j* column)

1 CExy,izun)

ﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁ

ﬁﬁﬁﬁﬁﬁ

(cofactor expansion along the i*" row)

(F;x '.l -S:h‘\)

exomele. b Q:L‘\ ?6 -?!:
| °© % &

|

6) Cogecloc o.,*pgoslo\\ Q\0\3 (aw A .
V= A

b\ (oeochoc et PONSL0 N\ Q\O“% ¢§ W 1L

(i=2)

- 664s24 - _80

C\ Cotocloc upms’.ai\ Q\a\\a) (dW

(- >



8) Cogoackoc wrponsion alona colywma’l

(“3‘:4?
Q\@C\@_\( 02(9(7‘(9_;( 0{9( (\)

_ g -k 0.7

—~9%0 .

e) Corochor erponsian o\am:) ¢dlom 2

(
\@C\@« O L d@c@ J- L)
7-:5149.0 4 Y- -a0

G\ Cofscdoc ey Ponsyon Q\O(\3 (Dlo«m 3
(D- ‘5)

i} N
- -56-\’\2%"‘—\0: _30
3 1 0 Cuw - -\)’L...\t-_,..L\

A=1-2 -4 3 gy

s 4 2 detay C=(-nn-U 2

fawl = anCy x GGy A\

(°\:\\ %"l‘-\ \‘\ —* o /)

Tol240 - .
QGN\G‘k R s TNy e d L) \O(’,CQUS
SR 4 N

k

3 1 0
A=1-2 -4 3
| 5 4 -2

V 6) XQAP\ = —\

b A wvedbl g

/ C) RLEE iy X,

I/Q) N - o hat \m\j Yo wal (2 4o 30\(}‘ /)

OQX \Q N\On \\o\:L N O SO\U*\ o0\

W \\;c\t\ o0 S iQ\SK

‘qu’\‘\\lzc\cc /
1 0 0 -1
31 2 2
A:
1 0
20

Colemal
'SQ\: _ 0\ C x 021(22 \0n ) {—OQ
LS‘Z) ’ ey 4

I kK Cofecloc expmsion 0\0(\3
B.A=|1 k & colymn
1 kK

SO0 Sy 0y
) ‘C\‘*\ B (L\* | . (3|

- . 0_‘ WO‘\ ‘ o - O
TS -
"< (‘) O -0

(Zl ()

(312 ()O:Q

33. In each part, show that the value of the determinant 1s inde-
pendent of 6.

sinf?  cosé _\
@ | raned Ca\colok o

cosf? sin#
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C11 CIE o Cln
C = C?l Cz_z o Cz_n
_CHI CHE o Cnn_

is called the matrix of cofactors from A.

The transpose of the matrm of cofactors from A 1is called the adjoint

.-.-.-.-.-.-.-‘_,-.-.

C11 Czl Cnl
aaff(A)Z C:r _ Clz sz an
_Cln CEH Cnn_

If A 1s an invertible matrix, then

P T
L

Ar 'S 0\ Q(li\o\e, <ﬁ Aem :‘:.

N
Q-

1 2 3
_ C\ - - (4, - ( = (-3)\-
A % (5) Z] 1 LRE TR 3122 (-3)=3

-1
>wl
58’\?“\“\’\*‘_ O‘\(»"\O‘*L(\L-\OTBC‘Z&
(‘\:3> “3
R
(]
- —3‘\8::_

- -
\ 73 _5_3
— 5 -4 _
1 -\ y

32 -1 0) s N ’.i\vec-\'-\o\g
A= 1 6 3

2 -4 0 b) XL;N‘ ’[\—\)’
{OW- oDaaly,

O-e,\Cw\J(o 20 & 63 C+

ST LA
2. 4 -
R e-wy o 33 = bl
D\ "3’\0\](’(-\.c\<>\@, \‘)Q.(O vSe A@"'Qj\:@
3 2 -1
\‘9—"\ A=| 1 0 3 : \/\:\r\\'(,\'\.(ﬂ\q \S"‘:O\Se-
| 2 -4 0

0) Niso SC\UQ(Q N\o\\ AV \/
L) O s vavectible 7
Ve ) Rx-lo heso Uhique. sdud @ M whae.

LS a3 vecdor

‘ 0D tera =37

C" C W\ - ' /L
A determinant of an nxn diagonal d 0 0
matrix ) 1s given by D= 0 d, 0
0 0 d,

d@t(D) — dl d2

ex. \ o O
\_ X A- [ 0':1. O\ V\ch\f\o“e ST’Q\SC

\ Q‘S N\ 1 L\
vedible 0 hos iafi-lel
bl B¢ i, qone | |/ ‘mz\‘obﬁ""l 05 .

" -7 o O )
ex . (- - S
WO O

— :\R-‘ AOos(\’a‘l oMt -

 Determinant of a triangular matrix

If Ai1s an n X n triangular matrix (upper triangular, lower
triangular,)

- . a 0O ...0
dy, dyp - dy, 1
a,, d,, ... 0
A = 0 dy, - dy, A = 21 22
0 0 - a”n _ai:-'l aml i aiﬂ? i

\\\\\\\\\\\

det(4) = a11az; - Any

L 0 0 o \
ML L Ozl g 30 0
L3y L O ~whigh 002
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2 7 -3 8 3
0 -3 7 5 1
1= 0 0 6 7 6/=2 AA-:?._’SGSL‘
0 0 0 9 8 ] |
0 0 0 0 4
@ & avefible
1 3 -1 3 -2 2
A=10 2 4 B=[0 0 -1
0o 0 5 0o 0 1
ded = V25210 b= ©
-\ -
07 evigy A besaot evig)

Let A be a square matrix

If A has a row of zeros or a column of zeros, then

det(4)=0. 1~
Theorem 6

aaaaaaaaaaa

1. If B 1s the matrix that results when a single row or single
column of A 1s multiplied by a scalar k, than

aaaaaaaaaaaaaaaaaaaaaaaaaa

~ If B is the matrix that results when two rows or two columns
of A are interchanged, then

det(B) = - det(A)

3. If B results from adding to any row of A a multiple of any
other row or by adding to any column of A a multiple of any
other column, then

aaaaaaaaaaaaa

umple:

MO Led Q;X O, \ | 621 6277
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1'heorem /

If A 1s a square matrix with two proportional rows or two
proportional column, then

aaaaaaaaaaaaa
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0
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ki ki ka, ... k
Determinant of det(kA) ka‘ kj k:j, :"J
« If 4 :
| ka, ka, k
ki ka,, --—ka,.. ka,, |
* Apply propriety 1. to each row a, a, --a,. a,
ay -l a,,
det(4)=k"| :
a, dap ’ a,
a, a, el a,,
~ TN
det(kA) = (k)det(A Q -
det(kA) = (k)"det(4) s Ny
N— _

ﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁ

del}( QQ:.C\ = Ae'\(%\%le-\-( (L)AQTKC3

Ay o
L?ﬁ 4 1 d M PRYZ ) HP) dek(Q)
L-Vo | ( -7 -

36

-———
-

b6 15 __
AG: 7 27 b = 6

ﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁ

1 2 301 4 3
2 5[ |1 3_ 38

3o (D) 1 dHA) 1 dak(R)

1

BERCUIEE SRR

1
A =
det(4) det(A4)
ala ) 1)

deb(midenea) = A
det(h). |
Jodfy

A triangular (diagonal) matrix 1s invertible if and only 1f 1ts diagonal entries are
all nonzero

If A has a row of zeros or a column of zeros, then det(A) = 0.
det(A) = det(A7)

If B 1s the matrix that results when a single row or single column of A 1s

aaaaaaaaaa

aaaaaaaaaa

aaaaaaaaaaa

aaaaaaaaaaaa

1
det(AB) = det(A) det(B) t det(47) =
ﬁﬁﬁﬁﬁ et(AB) = det(A) det(B) ten (47) oD

aaaaaaaaaaaaaaaaaaaaaa

MNE. Loy Prbe o 228 mokein
and 3B = 2. whichone is Eolse -
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VAAR ST ]
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‘/e‘ Frxol muskheve aviique solytya,
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™A L B nd B be Sx5 cnakiices,
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Mt (B)-bu )32 3) L €)\B55
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>S5 230 A
- - bl -

C—-

meg. Led AR, C D T be LrLl mokeices:
ool 1k Azt Ak deb (e, WHA R
AG.“'(E‘-_ T hea ‘!\-(2 H-la-\(-'\' 0-|E“ S
2 3
a) E\\‘i@'}t ¥) D ¢)\9%%

J \ .\ Jedl¢-")--1
¥ wW = b=
A

l Z@{é—e:( a3 A @')-M(CT\JMB‘\MTW

N Loy, Led A 0.0 \De_ S mw\':i't.-&’
éu\-lﬂ'\:--h detr{ )22 ao ,
3 er@AT BCT) DT Hhe IHC)is

LW <)l we OG5
Jel (2ATacT) - 32

Sx g
?' "\"3. et T) :AS/C

-‘:73 det(cT)= |

ée-l(('f)‘_-_- R
Y
‘Se-‘r(C ):— S

\
Q\el}(j-\): \ \

/

—

_’
—

\
W) -3 3

L(,-\ Dr \ag Q 1%1 N\o.-\('\x O(\Q) 'RT-:_Q'
D<) 1S

o) 7 L) -\ @ 6397- e) 49
) c—%(ﬁﬂ:ﬁd@-@)

T

ée%@,\: l_,)z-(j(%(ﬂ) )

AQJ[(Q’)’/"' ACA—(H) Z-:- >

71 3(4—\9\‘/0 ]
JoHA)=O



CH -
1O%X\O A o TN o)
‘KN ON\

V.
OP))O—- A deA B s
@Can‘-P be C_o\(o\g\q.g

h) \
3')" {i@'“"'*(' o)
1O FLES ) aeh
Jed A~ c’(Jr P

TUQ
sJdoy - exary (b- ¥ -30)

W&A\\o
SJQSZ So\\;e, eXa N .

Nk week: 2.0 2.%

\bx\-*;:Ql, - onoy 17



ki ki ka, ... k
Determinant of det(kA) ka‘ kj k:j, :"J
« If 4 :
| ka, ka, k
ki ka,, --—ka,.. ka,, |
* Apply propriety 1. to each row a, a, --a,. a,
ay -l a,,
det(4)=k"| :
a, dap ’ a,
a, a, el a,,
~ TN
det(kA) = (k)det(A Q -
det(kA) = (k)"det(4) s Ny
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A =
det(4) det(A4)
ala ) 1)

deb(midenea) = A
det(h). |
Jodfy

A triangular (diagonal) matrix 1s invertible if and only 1f 1ts diagonal entries are
all nonzero

If A has a row of zeros or a column of zeros, then det(A) = 0.
det(A) = det(A7)

If B 1s the matrix that results when a single row or single column of A 1s
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aaaaaaaaaaa

aaaaaaaaaaaa

1
det(AB) = det(A) det(B) t det(47) =
ﬁﬁﬁﬁﬁ et(AB) = det(A) det(B) ten (47) oD
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4 N

Evaluating Determinants by Row
Reduction

 The 1dea 1s to reduce the matrix into an upper-triangular
using the Gauss-Elimination algorithm, but by taking into
account the proprieties 1, 2,and 3 (see slides 32-35). That 1s,

1. To get the leader 1, we need to multiply the determinant by the
nonzero entry after dividing the row by the same value.

2. If any two rows are interchanged, the determinant must be
multiplied by -1

3. For the rows operation involving the sum of any row with a
multiplier of any other row, the determinant don’t change.

Remark: don’t multiply the considered row by any coefficient, only
the one with a leader 1 could be multiplied.
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Definitions

for whlch

the]ze 1S a nonzero v # 0 w1th

Av = Jv.

 The eigenvectors of A are the nonzero vectors v # 0 for
which there 1s a number A with

- If

Av = Av.

Av = Av for v #0, then

v 1s an eigenvector associated with the eigenvalue A, and

vice versa.

INV NV,

Av— D\ =—
(N- %)V = O

(A-NI)N = O, VEO

~ ~—

Jet(a-"a)= O

det(A—AI) =0

This 1s called characteristic equation of A

And det(A — AI) is called the characteristic polynomial

. Calculate det(4 — AI) = 0, and solve for A. Note that det(A — AI)

1s a polynomial of degree n

. For each eigenvalue 4 found in step 1, solve the linear system
(A—-ADX =0,

to find the eigenvectors X
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When solving the equation det(4A — AI) = 0, we looking for the
roots of the characteristic polynomial det(4 — AI).

An algebraic multiplicity of an eigenvalue A 1s the number of
times A is repeated as a root of the characteristic polynomial.
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The product of the n eigenvalues equals the determinant.

The sum of the n eigenvalues equals the sum of the n diagonal entries.
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If Aisann x n matrix, then the following statements are equ
(@) A isinvertible.  Ch)\

(b) Ax = 0 has only the trivial solution.Ch l

(¢) The reduced row echelon form of A is I,,. € h '

(d)
() Ax = b is consistent for every n x 1 matrix b.C W

(f) Ax = b has exactly one solution for every n x | matrix( W\
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Engineers and physicists distinguish between two types of physical quantities

scalars, which are ities that can be described by a ical value alone, and
vectors, which are quantities that require both a number and a direction for their
complete physical description. For example, temperature, length, and speed are scalars
because they can be fully described by a number that tells “how much™—a temperature
of 20°C, a length of 5 cm, or a speed of 75 km/h. In contrast, velocity and force are
vectors because they require a number that tells “how much™ and a direction that tells
“which way™—say, a boat moving at 10 knots in a direction 45° northeast, or a foree of
100 1b acting vertically. Although the notions of vectors and scalars that we will study
in this text have their origins in physics and engineering, we will be more concerned
with using them to build mathematical structures and then applying those structures to
such diverse ficlds as genetics, science, ec ics, ek ications, and

environmental science.

Vectors: Addition of vectors by the parallelogram or
triangle rules

Subtraction

(3w

Vectors Whose Initial Point It is sometimes necessary 1o consider vectors whose initial points are not at the origin.
Is Not at the Origin  If Py Py denotes the vector with initial point Py(x;. y1) and terminal point Pr(xa. v2).
then the components of this vector are given by the formula

Piix;.
Pify=(n-x.n-n )
oP, . =
That is, the components of P, P; are obtained by subtracting the coordinates of the
initial point from the coordinates of the terminal point. For example, in Figure 3.1.12
— X — =3
x the vector Py P2 is the difference of vectors OP; and OPy, so
—_— = =
PPy=0P,— 0Py = (xa, ) = (. y) = (=X v = )
ok,

As you might expect, the components of a vector in 3-space that has initial point
P1(xy. 1. 21) and terminal point Py(x3, ¥, 23) are given by

3.1.1
s‘“‘\, m”:=“1-—"|‘.":-."l-::—:ll 5)

‘ P EXAMPLE 1 Finding the Components of a Vector

—
The components of the vector v = Py P with initial point Py(2. —1.4) and terminal

i & 8(\~°‘ ‘r‘mm Po(7. 5. =8) are J

= V= (T=25—(=1).(-8) —4) = (5.6, -12)

"(’s““,




 atad) @By,
Z
@
(x,y.2)
o Z- coordinate‘Y
C +
X - coordinate
Y - coordinate

@BYJus

yz- plane

o (x,y,2)

Similar to the two-dimensional coordinat
system, here also the point of intersectio
of these three axes is the origin O, and
these axes divide the space into eight
octants.

w«)
L=y / "\.q“'

Ly

DS
Pythagorean theorem:
C? =42+ 42

Il = c2 + A2
NAI" = 42 + 42 + 42

[14]] = a2 + A2+ AZ




Norm

« Ifv=(x,x5, ...,x,) is a vector of R" then then the norm of v (also
called the length of v or the magnitude of v) is denoted by |[¢|| , is
defined by the formula

vl = V()2 + ()% + -+ ()2

+  Example: v = (1,-0.5,3), calculate the norm of v

Answer:

[lv]l = /(1)2+(=0.5)2+(3)2= 3.2016

THEOREM 3.2.1 Ifvisavector in R", and if k is any scalar, then:
@ V=0 ¥~
() |Ivll = 0 ifand only if v =0 (>
(©) kvl = [kllIvl
Ay

Unite vector

* A unit vector u is a vector with norm equal to one

llull = 1

» Normalized vector v is a vector u divided by its norm to get a umt

] 'd

eremele Lot y= (2,00 y=(-1,00)-
W\wc\\ onevs Talge -

) Nis o unit \lo("cr ‘/C) \’*ﬂw(ﬁ,‘l, )
/) Nl=TE - Vd) a2

F (@) s aywt
“\V‘\zve %0 ‘\0’“ aL \/(') _Ls"‘.::(\\v::‘(.?“
\“\\% Vi%ithe = JE i

T
-4

Distance

If p; = (x1, x5, ..., ) and p,=(v4, V2, ..., V) are two points of R” then
to calculate the distance between p,and p, we form the vector w =
PiPz
Then
g@’ppz) = [Iwll = V(1=%)% + (12=%2) + -+ (—%)?
‘\

L Lk B0 40,-2) Bo(-7,-49 -)-
diskence(R,2)="

AT o 13 )6 T
oS"d\(gz\/ 10*0 w\ _‘—'6




Dot Product

[ The angle @ between u and v satisfies 0 <9< =. ‘

DEFINITION 3 If u and v are nonzero vectors in R? or R*, and if & is the angle
between u and v, then the dot product (also called the Euclidean inner product) of
u and v is denoted by u - v and is defined as

u-v=|ull|v]cos& (12)
Ifu=0orv =0, then we define u - vtobe 0.

The sign of the dot product reye
by rewriting Formula (12) as

e angle @ that we can obtain

(13)

The sign of the dot product reveals information about the angle # that we can obtain

e . M oae

by rewriting Formula (12) as . wev =1 % Cos® )
lulllvh = d ’

Since 0 < # < 7, it follows from Formula (13) and properties of the cosine function

studied in trigonometry that

* Aisacuteifu-v>0. =+ Hisobtuseifu-v<0. =+ =na/2ifu-v=0.

DEFINITION 4 If u = (uy,u,,...,u,) and v = (vy, v, ..., v,) are vectors in R",
then the dot product (also called the Euclidean inner product) of u and v is denoted
by u - v and is defined by

u.v=uv +ugvy + e iy, (17)
360° = 27 radians v
o 2w T .
1 = ﬁ = ﬁ radians
. 180 .
1 radian = — degrees = 57.3° ¥

ixample
) Convert 65° to radians. b) Convert 1.75 radians to degrees.

Solution
a)
1° = - radians
180 (
° o
65° = 65x 150
= 1.134 radians
b)
1 radian = ? degrees

1.75 radians = 1.75x$

= 100.268°



Foru=(3, -1,2),v=(-4,0,2), w = (1, -1, =2} and z = |
3 ) y Uy y 3 3 ’ - 2! y ]
angle between each pair of vectors. : ) ¢ = (0. 71) find the

a. wandv b, uandw ¢ vandz @:(QJ“S\*\ .
o) cospz WV — -3 - _oup

. Natlbyl| {(v-§70 Cose--0'47
N= 124 0+ L' =-9 - accctg(—o'ﬁ')

Qs obduse . 9~’L.ﬂ-3‘ o
- g o

|\u\\,-.\/ ﬂj (4 l"-ﬁl.r "-:, 19 é-a'“b
Wll=v IFPFIAS Ex

) D = BFVAL=D

e'—-_,ji;,af)o
AN O o

T ouwmt TN

* Two nonzero vectors u and v in R" are said to be orthogonal (o1
perpendicular) if their dot product is zero

u.v =0

*  Arrerrerrpty-setotrectorsrrtirsertetrrrertirereere——taf all




Lines and Planes
Determined by Points and
Normals

Formula (1) is called the point-
normal form of a line or plane
and Formulas (2) and (3) the
component forms.

One learns in analytic geometry that a line in R is determined uniquely by its slope and
one of its points, and that a plane in R? is determined uniquely by its “inclination” and
one of its points. One way of specifying slope and inclination is to use a nonzero vector
n, called a normal, that is orthogonal to the line or plane in question. For example,
Figure 3.3.1 shows the line through the point Py(x, vo) that has normaln = (a, b) and
the plane through the point Py(xy, vo. zo) that has normal n = (a, b, ¢). Both the line
and the plane are representeq by the vector equation

—_—
n-P0P=0 (])

where P is either an 'cl[‘bit["cllj PO (s 3 O e e or an arbitral‘y point (x, y, z) in

= . .
the plane. The vector P, P can be expressed in terms of components as
—
PoP = (x — xg, v — vo) |[line]|

—
PP = (x —xo. ¥ — ¥0.2—20) [plane]
Thus, Equation (1) can be written as

a(x —xo) +b(y — ) =0 [line] (2)

a(x —xg) +b(y —yo) +¢(z —29) =0 [plane| (3)

These are called the point-normal equations of the line and plane.

n= normal

P(x,y,z)

—_——
)

Po(xo, Yor Zo) ¥

Figure 3.3.1 ’Y/

P> EXAMPLE 2 Point-Normal Equations

It follows from (2) that in R? phe-eepmbies

6(x—=3)+(y+T) =0

represents the line through the point (3, —7) with normaln = (6, 1); and it follows from

(3) that in R* the equation

4x =3)+2y—-5(z—-7) =0

represents the plane through the point (3, 0, 7) with normaln = (4, 2, —35). <
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*  Drop a perpendicular from the tip of u to the line through a.
»  Construct the vector w; from Q to the foot of the perpendicular.
»  Construct the vector wy = u — w.
Since
W t+Wo =W+ (u—w)=u
we have decomposed u into a sum of two orthogonal vectors, the first term being a scalar

multiple of a and the second being orthogonal to a.

P oy — — @ —_ —_—

E-— . L , |

- \ ‘ ';_} “l. i {_-‘_.’ a “] “__ {;‘ |

(a) (h) (¢)
?2 -

2 Three possible cases.

The following theorem shows that the foregoing results, which we illustrated using
vectors in R<, apply as well in R”.

THEOREM 2.2.2 Projection Theorem

If wand a are vectors in R", and if a # 0, then u can be expressed in exactly one way
in the forma = wy + wa, where wy is a scalar multiple of a and w, is orthogonal to a.

The vectors w; and w; 1n the Projection Theorem have associated names—the vector
vi 1s called the QLLMguaL.meumu_af_u.uu_d.ol sometimes ﬂu' vector uunpnm’nr of
 along a, and the vector wj 1s called the vector iponent of ) The

ector w; i1s commonly denoted by the symbol proj,u. in which case it follows from (8)
hat wo = u — proj,u. In summary,

E\];- plL]dll— ” || EI (vectorcomponent af n glong a) j (10)

_ u-a
[\I\l 2 °_u—propu=u-— Il ;A (vegtar component of u orthogonal to.a) j (11)

| }\\‘l\;“““{?{)
Wit ey g | Lo
| 1 0 | \\0“1 , h y
(et |
S \

[: (lul-Cos®

N wg | = W
(UG + T =N

Letu=(2,—1,3)and a = (4, —1, 2). Find the vector component of u along a and the

vector component of u orthogonal to a. \)
c -0 Z %‘\’ \ ‘\’ " '5
-

N, - Pesy U = \)°°4° “o\\:\TI{, \y -2
¢ |\ i

b
- 0 70, -2
V\Iq_ \A—W v)\) -5 .L 2"-—-
- Y — (’2'_“3\- gy —7-' 7) ? 9
( 7\ 142
-\ 31 ' 7 3-L-
7 3

1
W, W, (20 -5 © = "}"})
\F' 3/%F) 7

Exercises 35-37 In physics and engineering the work W per-
formed by a constant force F applied in the direction of motion to
an object moving a distance d on a straight line 1s defined to be

W = ||[F|ld (force magnitude times distance)

In the case where the applied force is constant but makes an angle
6 with the direction of motion, and where the object moves along

—
a line from a point P to a point Q, we call PQ the displacement
and define the work performed by the forcetobe @~

W =F- PO = |[F||| PO|| cos®

(see accompanying figure). Common units of work are ft-1b (foot

pounds) or Nm (Newton meters).

- |PO| .

Work = (||F| cos 6) | P2
~ A S

36. As illustrated in the accompanying figure, a wagon is pulled
horizontally by exerting a force of lO Ib on the handle at an

lel angle of 60° with the horizontal. How much work is done in
moving the wagon 50 ft?
\.
nd *

< 50 ft >

SLECT RS Y
117
Step 1 __ 25 O 1of2

We have ||[F|| = 10 b, ||E)|| = 50 ftand € = 60°, where @ is the angle between F and d Therefore,

— 1
W = ||F|||| d|| cos@ = (10)(50) cos(60°) = (5[}U)§ = 250

In Section 3.2 we found that many theorems about vectors in R and R” also hold in R".
Another example ol this 1s the following generalization ol the Theorem of Pythagoras
(Figure 3.3.5).

THEOREM 2.2.3 Theorem of Pythagoras in R"

If w and v are orthogonal vectors in R" with the Euclidean inner product, then

lu + vl = flull® + v l/ (14)

e -
|Hlu+h"fu+£| -
= (15)
L D

(b) In R? the distance D between the point Fy(xo, Vo, Zo) and the plahe
ax +by+cz+d=0is

. laxy + byo + ¢zo + d|
Va’ + b + ¢

ex- Diskaca bel we (. Y’f“ﬁ:"l, (qu-)
\-5(4!-&5-&1::0 (7.‘2)

Find the distance D between the point (1, —4, —3) and the plane 2x — 3y + 6z = —1.
N e RSP B W S
X3 %0 3 0 3
1Y-3y4bga i =
o b ¢ 4

I e L I

———

)
-—

\[9+3436 4




DEFINITION T If u= (uy, up, uz) and v = (vy, vz, v3) are vectors in 3-space, then
the cross product u x vis the vector defined by

Uxyv= {H:I': — U3 Uy, U3y — U Uy, U 1y — U,y ) V
or. in determinant notation.

Uy Uy Wy U
UHxyv= ' .
!': Uy

vy, Uy

Uy Uy

—~
Da* »qvet iy o Avenbac Lol CirsS

@méub\— S \J@C‘\ N -

7

Findu x v. whereu=(1.2. —2)and v = (3. 0. 1).

Ux\u-/QL/-},"“\‘/ 10 |

Ifu, v, and w are vectors in 3-space, then

(a) w- lllx'i]—ﬂ\/ |ux1ﬁar1hagnm!mn|(l//
(b) ‘{lel_lll/ L

|u x v is orthogonal to v |

() lux v =Jlul?lIv|* — (w-v)*  |Lagrange’ identity|
(d) ey xw) — (u.-wW)v— (u.via — =
(.E} “.l - -— - ] — I & [ . ﬂl

Y
MU’\‘. Lot Waoo) \‘ oce WO vedrotsia UL

Which one is Falye

6) |- ()= OV
b) 1= -33:\( O, \J ana \) MQO('\‘WOO\Q\‘/

C] N /S O(‘\—\!\va){)“q\ 1o UIxV [/

£ v oo ) weathognae,
O\ \ H\)w\\’l -/\\o\\lxr\\v\\ /

@Ux\l S 0 Nyonbe (X

(a) UxvVv=—(yxu /

(AH———t—T % r—tt——yrrtt—W)
. ; _ )

{ _ _— _

(¢) ux0=0xu=»~0

(f) uxu=~0 I/

D-\ = W (Wl -CosD

- - 27 = S e —— - .

, = 5
hu x v||* = [Jul*Iv]* = (u-v)’

Ny )= (o )

- Ilull‘lwl\’“(\'-};’ﬁ)
5.“’16

[]\va\\—-l €>Wﬁ'j]

A = (base)(alttude) = ||ul|||v|lsinf = Jju x v

K“Unuvn(xﬂ)

THEOREM 2.5.2 Area of a Parallelogram

If wand v are vectors in 3-space, then ||lu x v|| is equal to the area of the parallelogram
determined by u and v.

LSS i

b Area of aTriangle

Find the area of the tnangle determined by the ponts Py(2,2,0), P(—1,0,2), and
P.(0. 4, 3).

—\ ég,.z "L\ _1-21
- ) -115%




Definition (linear combination)
If w is a vector in a vector space V, then w is said to bea linear

combination of the vectors v,, vs,..., v, in V if w can be expressed
in the form

w = kv +kovy + o+ kv

where k;, ks,..., k, are scalars. These scalars are called the
coefficients of the linear combination

EAANVIFLE 14 Wnear Lomopinauons

Consider the vectorsu = (1,2, —1) and v = (6, 4, 2) in R, Show that w = (9,2, 7) is

a linear combination of u and v and that w = (4, —1, 8) is not a linear combination of
uandv.

C(a,2,%) = o-L2,-1)4 bl by, 2)
(92,2)= (a,2a-0)4 Cbb, 4b,2L)

L9239~ (O-“L 20465 -0\\1.'.)
= I~

1 b 93
oabb= 3
Zashb= 2 L“’ 1-\ \_ o.g?t
~0%2b =7
l@.zm-_-n.u‘-;,-a 1 24042 [ oapen 9

(G: <3 S

a0 = o uy-a4 b (s, 2)
Gybl=

Vb \ 1L
Lasll .£'| zq j \ _?l‘_
Bt T stz i a 9

. «gb=-3
no “\""QO“ L ?b‘-‘-"l-

* Definition Let S={v,, v,,..., v, }, be a nonempty set of vectors of
a vector space V. And consider the equation

klvl + kzvz + -+ k,.vr =0

a trivial solution is Ik, =

=k, =k, =0
If the trivial solution is the only solutlon “theh S is said to be a
linearly independent set

.

If there are solutions in addition to the trivial solution, then S is
said to be a linearly dependent set.

&40«% ically -

Led Bongd o 'oq.,?-vc.d«s and defendenl -
Cll2v=0 ! S0

Clhz—ca Vv = W= \) —cV



Deoebat indeQendan t -

e . Which oses oce h?«\&«»\sq.
R Bzl V=) Qi) uat2,:3)
¥ Btlon), y=Cl3) ;U-,(;,\\'v,(“s)

u” ~ -
ST V=)

\t‘£‘5 ‘.5 “.Q.W af e x(? en ‘.‘\‘ )

Cla LNy =0, Ciy0

Clr=-cau_cy A/
u:@%\«, EWE ﬂ“-\&'\)

ey
s lineac combination
of- N ond W

Determine whether the vectors
vi=(1,-23), w=(056-1), =03,21)

are linearly independent or linearly dependent in R®.
8\\'\«(1\11{(\\]3-; l°c°u°)
c
\ (\-t.s\-tu(s.t.-n-t 30320 =19i0,0)
Cle5¢4d3C= o e
W alaiicyzn D
3¢ —ca tCa=p N e\iminad o
1'% 1 D L5 32
N IR H R TAS
3-1 10 0 -vb-30

'% 3 D (g5 %9
| m,o}-\\'oum?’

(2]

V) (> ad "
% eDenden
@) stuigeo Vectocs -

S0t
Caz-lcy ;c/’ . sm.-,,;
Clows@lieg = 33032 -5
- Cio
Cim-Ley C;‘ “ ¢y Whalr vy
“ =20

2 :-fa o

[
(3 eme Cy=-1 | Hyy 1V22ee
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t\b*:—O%“\‘; +3(16) = O

i dely Mmony solu}

:\ élp{ﬂ&m* ' :"5

Determine whether the vectors
vl =(1$2, 29_1)! v2=(4a 99 99 _4)! V3 - (59 89 9! _5)

in R* are linearly dependent or linearly independent.
<y Gy -
VAW g et 'h‘Ma-'-\*"s(-SJ-Q,—s)-,o

r_c'\ 4145z 0
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THEOREM 4.3.2
@/ A finite set that contains 0 is linearly dependent.

égyﬁl set with exactly one vector is linearly independent if and only if that vector is
not 0.

}/)/ A set with exactly two vectors is linearly independent if and only if neither vector
is a scalar multiple of the other.

(b) S;’\U§ Cuv=0 :\ Cé\&
F Uz O
(0\\ S:)\U‘\)'\N'Oz—\éeoméa«V

C,UaC2vaCaWx( O =0

Cq"'
C-_O C‘)‘:OC',O i
| A

(u.“«s

2 Rank of a Matrix \'QA Q\JQO(\ \AASTAN N\G\"‘\('

Definition 3. Thﬂf a matriz A—denoted as rank A—is the marimum number of linearly
independent row vectors of A. =

mullity of 8 matrix. N u\\‘,—‘ \5 - (\-—f\Ld\ \L(‘e)

THEOREM 4.8.2 Dimension Theorem for Matrices

If A is a matrix with n columns, then

rank(A) @(ﬁ}=u (4)
M aymbecof Colyna g

 How to calculate the Rank and the Nullity
* Answer:

* Perform a Gauss-Elimination to Get the row-echelon
form of A and count the number of leader 1.

Rank = number of leader 1.

Nullity= number of free variables

Important Remark:

* Rank(A) = number of leader 1 in the row echelon form

of A = number of dependant variables

)ooslc.

* nullity(A) = number of free variables = number of
parameter in the general solution of the homogenous

nn1n+n1-1-1

THEOREM 4.2.2 Equivalent Statements

If A isann X n matrix, then the following statements are equivalent.

(@) Aisinvertible. ¢ h |

(b) Ax = 0 has only the trivial solution.Ch \

(¢) The reduced row echelon form of A is I,,. C h \

(d) Atsexpressible-as-a-prodnet-ofclomentarymotrices.

(e) Ax = b is consistent for every n x 1 matrix b. Ch |

(f) Ax = b has exactly one solution for every n x 1 matrix b. C h \

(9) det(A) #0. Ch

(h)  The column vectors of A are linearly fﬂdEpEﬂdEﬂL( h }

(i) The row vectors of A are linearly independent. C "\ }

e

(l—Therowvectarsof Aspan R*

e aem
—trrrr—treroTrertoTS U oI T s Ty o fRe—

(n) A hasrankn. C h}

(©) Ahasnulliv0.Ch 5 -
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Deafinition
one of the forms

ax+by+ec <0 ax+by4+c=<0 ax+bv+c=>0 ar4+by4c=0

where a, b, and ¢ are constants and not both a and b are zero.

A linear inequality in the variables x and y is an inequality that can be written in

¥
b y=me+d A

yrmx+ b

7 e

/ y=<mx+h

FIGURE 7.2 A nonvertical line
determines two half-planes.

= I - [ =

Solve the inequality 2{2x — ¥) < 2(x + ¥) — 4
hx -79 LTX413- ¢

— o n & LR -

Ly-1 Rty L 2942Y
~ X
104y 44y Y 4D

2977¢

ANV Y

Systems of Inequalities

NOoOwW WOrs

\ - Xx)\

FODEIm 1 =d

The solution of a system of inequalities consists of all points whose coordinates simul-
taneously satisfy all of the given inequalities. Geometrically, it is the region that is
common to all the regions determined by the given inequalities. For example, let us
solve the system

x4y=3

Xx=y
2y=1=10
We first rewrite each inequality so that y is isolated. This gives the equivalent system
y>—2x+4+3
y=x
y=1

MNext, we sketch the corresponding lines y = —2x+ 3, y=x,and y = % using dashed
lines for the first and third and a solid line for the second. We then shade the regon

?s that is below the first line, the region that is above the second line, and the region that
15 below the third line. The region that is unshaded (Figure 7.9) together with any solid
line boundaries are the points in the solution of the system of inequalines.
(EXAMPLE 3 Solving a System of Linear Inequalities

In  Solve the system

i y= —2:+10

it yzx-1

:: Solution: The solution consists of all points that are simultaneously on or above the

., line y = —2x + 10 and on or above the line y = x — 2. It is the unshaded region in

wa  Figure 7.10.

“‘*; Mow Work Problem 9 <

n :

of

FIGURE 7.10 Solution of &
systemn of linear inequalities.

VArapies ana, Nence, A WIGer range ol problems.

‘We consider the following problem. A company produces two types of can open-
ers: manual and electric. Each requires in its manufacture the use of three machines:
A, B, and C. 'lable 7.1 gives data relating to the manufacture of these can open-
ers. Each manual can opener requires the use of machine A for 2 hours, machine B
for 1 hour, and machine C for 1 hour. An electric can opener requires 1 hour on A,
2 hours on B, and 1 hour on C, Furthermore, suppose the maximum numbers of hours
available per month for the use of machines A, B, and C are 180, 160, and 100, respec-
tively. The profit on a manual can opener is $4, and on an electric can opener it is $6. If
the company can sell all the can openers it can produce, how many of each type should
it make in order to maximize the monthly profit?

(EFableffii X - 3 3 — (K\@(
Manual Electric Haours Available X -\— 8 5 —
@ 2 hr 1 hr 180
B 1 hr 2hr 160 ' . O
C 1 hr 1 hr 100 ‘ z .‘, z - \
Profit/Unit 4 36 —
* % ——
3
¥ [Electric)
\
3 a maxirmum valwe of P) and that has at least one point in common with the
160 F region. It is not difficult to observe that such a line will comtain the correr poi
",‘ e+ =180 isoprofit line with a greater profit will contain no points of the feasible region
G : From Figure 7.12, we see that 4 lies on both the line x + y = 100 anc
v x 4 2y = 160. Thus, its coordinates may be found by solving the system
1.‘ x4 y= 100
120 'I-" x4+ 2y =160
",. This gives v = 40 and y = 60. Substituting these values into the equation P =
ph we find that the maximum profit subject to the constraints is $520, which is
"~.\ N ERE0 by producing 40 manual can openers and 60 can openers per month,
« \ - If a feasible region can be contained within a circle, such as the region in Fig
20 L & Rt itis called a bounded feasible region. Otherwise, it is unbounded. When s
. L L3 ~ region containg al least one point, it is said to be nonempty. Otherwise, it i
The region in Figure 7.13 is a nonempty, bounded feasible region.
It can he shown that
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FIGURE 7.12 Feasible rexion.

I Can be shown that
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x+y=<8§
x4+ 3y =12
x=0
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Solving a Linear Programming Problem

Maximize the objective function P = 3x + y subject to the constraints

? (V\\g\; 3\/‘\' ‘ﬁ

Solution: In Figure 7.14, the feasible region is nonempty and bounded. Thus, P is
maximum at one of the four corner points, The coordinates of A, B, and D are obvious
on inspection. To find the coordinates of C, we solve the equations Zx + y = B and

2x + 3y = 12 simultaneously, which gives x = 3,y = 2. Thus,
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§-o= LX=3 =\ %ot 8= (o)

P(8): 1440211V (Y o
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- p(32): 53 ’
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(EXAMPLE 2

Empty Feasible Region

Minimize the objective function Z = Bx — 3y, subject to the constraints
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subject to
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Unbounded Feasible Region

Snnannee a feagihle readion 12 defined by
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Suppose a feasible region is defined by

v’ y=2
Vg x=0
L~ y=0

This region is the portion of the horizontal line y = 2 indicated in Figure 7.16. Since the
region cannot be contained within a circle, it is_ unbounded. Let us consider maximizing
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Maximize P——. 2x + 4y subject to the constraints
PR~ B Ty <8
P(e) 37 TEES o+ 4
Plc): 27 h Vo= =8

0 (o,2)
%‘.(%v&\

C:(Q,‘g)

T—

0 10 16

FIGURE 7.18 Z = 2x 4 4y is maximized at each point on the
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Simplex Method
Problem:

Maximize Z = ¢jx; + 203 + €3%;3
subject to
anx + apaxz + ajzxs < by |
azx) + apxz + a3x; = by !
asxy + agax +aszx; < by :

Au Xy + GapXi o+ agxs < by

where xy, X2, X3 and by, by, b3, by are nonnegative.
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